We carry out a systematic study of entanglement entropy in nonrelativistic conformal field theories via holographic techniques. After a discussion of recent results concerning Galilean conformal field theories, we deduce a novel expression for the entanglement entropy of (1+1)-dimensional Lifshitz field theories -this is done both at zero and finite temperature. Based on these results, we pose a conjecture for the anomaly coefficient of a Lifshitz field theory dual to new massive gravity. It is found that the Lifshitz entanglement entropy at finite temperature displays a striking similarity with that corresponding to a flat space cosmology in three dimensions. We claim that this structure is an inherent feature of the entanglement entropy for nonrelativistic conformal field theories. We finish by exploring the behavior of the mutual information for such theories.
Introduction
The first concrete realization of the fascinating holographic principle appeared in the context of string theory [1] and has led to a number of interesting developments. Maldacena's conjecture, or the AdS/CFT correspondence, in its original form relates the strongly interacting N = 4 super Yang-Mills theory with gauge group U (N ) to type IIB string theory on an AdS 5 × S 5 background. Both sides of the duality are endowed with a superconformal SU (2, 2|4) symmetry group. This matching of symmetry is the first step towards establishing the correspondence. The AdS/CFT correspondence relates systems that are different in many aspects by providing a precise dictionary between quantities and phenomena in one system to those in the other. More precisely, with the help of the correspondence, we can formulate questions regarding quantum gravity in asymptotically AdS (AAdS) spacetimes as problems in a lower-dimensional gauge theory, and vice versa.
One of the interesting offshoots of the aforementioned duality is the application of holographic models to study condensed matter systems [2] [3] [4] [5] [6] [7] [8] . In condensed matter applications, one is often interested in theories that display anisotropies between space and time dimensions; i.e., non-Lorentz invariant. For instance, in many condensed matter systems, one finds phase transitions governed by fixed points which exhibit dynamical scaling instead of the more familiar scale invariance which arises in the conformal group. Inspired by the symmetry matching discussed above, one searches for dual background geometries which capture the symmetries of strongly coupled nonrelativistic conformal field theories. Thus, one is led to consider spacetimes that are asymptotically Lifshitz (ALif) or Schrödinger.
It is the goal of this work to perform a detailed study of certain properties of (1+1)-dimensional nonrelativistic conformal field theories (CFT). Our main focus is on theories with Lifshitz and Galilean conformal symmetries. Below, we shall study the entanglement entropy (EE) and mutual information for simple subsystems in such theories. Roughly speaking, the EE quantifies our ignorance once access to the full system is lost. Meanwhile, the mutual information associated to two subsystems provides an upper bound on the correlations between operators each supported on one of the subsystems. Analytic computations of EE and mutual information can be rather hard in general settings. Nonetheless, there is a great body of literature with many interesting results for a number of quantum field theories (QFT), see, e.g., [9, 10] . Lately, there has been a renewed interest in the study of EE from people working on holography and gravity. This is thanks to a reformulation of the problem, in the light of the AdS/CFT correspondence, which allows one to compute the EE in a succinct manner [11] . It is in this spirit that we approach the above questions. We hope that the present explorations might provide insights into how quantum information is encoded in nonrelativistic CFT's.
Three-dimensional gravity has played a leading role in addressing a number of important conceptual issues in quantum gravity. In many respects, the AdS 3 /CFT 2 correspondence is the best understood example of the gauge/gravity duality. One of the benefits of working in three dimensions is that we have a great deal of analytic control and exact statements can be made. In particular, results in holographic EE can be verified explicitly by matching them to QFT results. Three-dimensional theories of gravity with higher-derivative interactions have been the subject of many investigations in recent years. It is a well known fact that threedimensional gravity has no local degrees of freedom. By endowing the graviton with a mass it can be made to carry two propagating degrees of freedom. In this work we study one such theory, the so-called new massive gravity (NMG) [12] . There are a number of interesting spacetimes supported by this theory with no counterpart in pure Einstein gravity [13, 14] . In particular, NMG admits ALif solutions amongst which black holes can be found [15] these solutions will play a central role in this article.
In this work, we shall present a novel expression for the EE corresponding to a class of Lifshitz field theories in 1+1 dimensions (Lif 2 ), both at zero and finite temperature. As far as we are aware, this is the first time that such formulas have been constructed. The expressions in question, display the appropriate anisotropic scaling behavior with respect to the system's temperature. Moreover, the finite temperature Lifshitz EE displays an eyecatching structural similarity with the EE for field theories dual to flat space cosmologies (FSC) [16] . The deviations of the Lif 2 and FSC EE's with respect to the CFT EE at finite temperature, might be a consequence of the ultralocality exhibited by certain nonrelativistic fixed points [17] [18] [19] [20] . Comparison of our general formula for the Lif 2 EE with those corresponding to CFT 2 and Galilean conformal filed theories in 1+1 dimensions (GCFT 2 ) leads us to conjecture a formula for the anomaly coefficient of a Lif 2 field theory. Finally, with these similarities in mind, we discuss the general form of the phase diagram for the mutual information in nonrelativistic CFTs. We hope that the outcomes of this paper may provide a valuable bridge between gravity and condensed matter physics.
The layout of this paper is as follows: Section 2 contains details of the holographic approach for calculating the EE corresponding to field theories dual to Einstein gravity. Then we proceed to the computation of holographic the EE in higher-derivative gravity theories. We also clarify our notations. In section 3 we revisit the FSC geometry and its holographic EE. We start section 4 by studying Lifshitz vacua and black holes in NMG. We perform an exact analysis of the holographic EE both at zero and finite temperature corresponding to these spacetimes. We go on to comment on the putative dual field theory to ALif geometries and propose a conjecture for the Lif 2 anomaly coefficient. With all the ingredients in hand, we move to compute the mutual information for a class of nonrelativistic field theories and interpret our finding in section 5. We conclude in section 6 with a summary of our results and discuss possible future directions. In Appendix A we display massive gravity action in 2+1 dimensions. Appendix B and C are devoted to nonrelativistic conformal algebra.
Note added: After this paper is published we noticed a mistake in our Mathematica code. The geodesic in the case of Lifshitz spacetimes does not solve the differential equations coming from the variation of (2.17) . This is against the claim in the main text. This has been also pointed out in the recent paper [21] .
Entanglement entropy and holography
In this section, we provide a brief review of the basic techniques employed to compute EE holographically. We simply summarize the basic formulas and refer the reader to the literature for more details. We start with a discussion of the procedure that must be followed when dealing with field theories dual to Einstein gravity -namely, the Ryu-Takayanagi prescription. Then, we present the strategy and formulas needed to perform this calculation for higher curvature theories of gravity.
The Ryu-Takayanagi prescription
In recent years, the study of EE has attracted a great deal of interest from the hep-th community, this is partly thanks to the holographic reformulation of the problem due to Ryu and Takayanagi (RT) [11] . The RT prescription recasts he computation of EE as a Plateau problem in an AAdS spacetime. More concretely, in order to calculate the EE for a Figure 1 : The Ryu-Takayanagi prescription; A is the entangling region, and Σ is the extremal surface in the asymptotically AdS background, where we have used the map r → arctan(r) to compactify the radial coordinate.
subsystem A in the boundary theory, one needs to extremize the functional
where Σ is a co-dimension two hypersurface anchored at ∂A (see Fig. 1 ), and h is the induced metric on Σ. To find h, we proceed as follows, first, we find a basis for the vector space normal to the surface Σ. In particular, we choose basis vectors n µ (0) and n
where η αβ is the two-dimensional Minkowski metric. In terms of these vectors, the induced metric is simply
Once we substitute (2.3) into the functional (2.1) and perform the variation, we must solve an ordinary differential equation (ODE) 1 . Solving it, and plugging its solution back into the functional (2.1) we find the holographic EE
Indeed, as shown in [11] when g µν is the radius L Poincaré-AdS 3 metric and A is an interval of length , Eq. (2.4) yields
where δ is a UV cutoff. This result matches precisely CFT 2 computations [9, 22] . Furthermore, if the bulk is corresponds to a BTZ black hole
the RT prescription gives
where β is the inverse Hawking temperature of the black hole; this outcome is also in perfect agreement with CFT 2 expectations [9].
Higher curvature entanglement
Notwithstanding its great efficacy, the prescription (2.4) has an important limitation. Experience with black hole entropy has taught us that in the presence of higher curvature corrections, black hole entropy computations must be modified [23] . Since EE and black hole entropy are deeply related, it is clear that this insight should also apply to the RT prescription. This question has recently been addressed by many authors [24] [25] [26] [27] [28] . In the following we summarize results that will be useful in the forthcoming sections.
For concreteness, let us consider a general four-derivative gravity action
The EE for its field theory duals is still determined via a co-dimension two surface Σ extending into the bulk as in Fig. 1 . However, the shape that Σ ought to take in order to yield the correct value is now determined by extremizing the functional [25] [26] [27] 
instead of (2.1). Below, we explain how to obtain the different geometric quantities entering into this functional. The contributions from the ambient Riemann curvature in Eq. (2.10) read
and
While the extrinsic curvature is given by
where ∇ is the covariant derivative with respect to the bulk metric. The contractions of K (α) entering the functional (2.10) can be written as
For instance, if the underlying theory were NMG (A.1), then in the notation of Eq. (2.9) we would have
Hence, the functional (2.10) reduces to
Notice that the variational problem associated with this functional yields fourth-order ODE's. Thus, we must be able to provide four boundary conditions to find the EE via Eq. (2.17), this problem was addressed in [29] leading to the proposal of the free-kick conditions. Employing these conditions and the functional (2.17), it can be shown that the EE for the Oliva-TempoTroncoso (OTT) black hole [13] takes the correct form (2.8), see [29] for more details.
Entanglement entropy for flat space cosmology
Before embarking in the computation of the EE for asymptotically Lifshitz (ALif) spacetimes, let us review some recent results concerning the EE of GCFT's in 1+1 dimensions. These are theories that posses an infinite dimensional symmetry algebra, the Galilean conformal algebra (GCA), Eq. (B.1). Interestingly, the GCA is isomorphic to the symmetry algebra of asymptotically flat (AFlat) spacetimes at null infinity. This algebra, known as the BondiMetzner-Sachs (BMS) algebra [30] [31] [32] [33] , is generated by the direct sum of the infinitesimal diffeomorphisms on the circle (J m ) with an Abelian ideal of supertranslations (P m ). This isomorphism has led to the proposal of a duality between gravity in AFlat spacetimes and GCFT's in one dimension less, known as the BMS/GCA correspondence [34] [35] [36] .
To get a handle on the EE for a class of GCFT 2 's, we consider solutions to topological massive gravity (TMG) [37] , whose action is given by Eq. (A.1) in the limit when m → ∞. Such a theory necessarily breaks parity. The BMS 3 algebra corresponding to solutions of TMG reads [38, 39] ,
which evidently corresponds to a GCA 2 with central charges
Notice that in the Einstein gravity limit (µ → ∞) c LL = 0. Having a GCA with two non-vanishing central extensions is one of the attractive features of TMG. The quest for holographic duals of field theories with independent central charges is an intersting direction to explore.
At first sight, it might appear that there are no interesting purely gravitational configurations to study flat-space holography in 2+1 dimensions. Indeed, in order to obtain AFlat black holes in 2+1 dimensions one needs to add matter in such a way that the dominant energy condition is violated. Nevertheless, there is an interesting limit of rotating Bañados-Teitelboim-Zanelli (BTZ) black holes in which one can obtain FSCs [40] . These are time-dependent solutions of (2+1)-dimensional gravity theories, such as Einstein gravity and topologically massive gravity (TMG), describing expanding (contracting) universes with flat asymptotics. Moreover, they are endowed with a non-trivial Bekenstein-Hawking entropy associated to their cosmological horizons.
Alternatively, the FSC can be viewed as a shifted-boost orbifold of Minkowski spacetime, and its line element reads
wherer
where j is a constant related to the angular momentum by 5) and M is the mass of the solution. Upon taking the flat-space limit (λ → 0), the outer horizon of BTZ is mapped to infinity; while, the inner horizon takes the role of a cosmological horizon at a finite radius r 0 . In [16] , it was shown that the EE for an interval (∆x, ∆t) in the GCFT 2 dual to the FSC is given by
where
It is worth considering the above expression in different physically relevant regimes, a summary of these limits can be found in Table 1 (for more details see [16] ). As we shall see in the following section, the EE for the FSC (3.6) has some interesting structural similarities with the one corresponding to ALif black holes.
Entanglement for ALif spacetimes 4.1 Asymptotically Lifshitz solutions in NMG
In the following, we consider spacetimes originating from the NMG action (A.1). As it turns out, this theory supports a number of interesting solutions; in the following we shall study those whose line elements are asymptotically Lifshitz (ALif). For starters, Lifshitz spacetimes with an arbitrary dynamical exponent ν
can be found as long as ν relates to the NMG parameters as follows
Hereafter, the reader should keep in mind that the graviton mass m and the dynamical exponent ν are not independent of each other. Besides these Lifshitz vacua, for ν = 1, 3 it is possible to find ALif black hole solutions given by
Clearly, for the ν = 1 case, the metric is AAdS and Eq. (4.3) describes a (NMG) BTZ black hole. On the other hand, for ν = 3, Eq. (4.3) corresponds to a genuinely ALif black hole [15] . Notice that, in view of Eq. (4.2), these black holes appear at the chiral (critical) NMG points
To compute the holographic EE we will need the Ricci scalars for the Lifshitz vacuum and black hole, which are given by 
respectively.
The ALif black hole described by Eq. (4.3) has a curvature singularity at r = 0 and a single event horizon located at r + = L √ 8GM . The Hawking temperatures associated to its horizon is given by [15] 
while its Wald entropy reads
The reader might be disconcerted by the fact that the above expression is negative. However, this is a consequence of the fact that in NMG the Einstein-Hilbert term comes with a negative sign. Henceforth, we will be interested in the ν = 3 black hole but keep ν as a bookkeeping device, this will prove useful in finding a general pattern for the Lifshitz EE.
Lifshitz entanglement at zero temperature
Let us start by computing the holographic EE for generic Lifshitz vacua, Eq. (4.1). We expect this quantity to correspond to the EE for a 1+1 dimensional theory with anisotropic scaling symmetry
we refer to ν as the dynamical exponent. To compute the holographic EE, we use the functional (2.17). Let us suppose that, at a constant time slice, the entangling curve into the bulk has the form (r, φ(r)). Using this as well as the metric (4.1), the induced metric h and R || are given by
while the extrinsic curvature contraction reads
We would like to point out an important difference between the RT and the higher-curvature holographic EE prescriptions. If we employ the RT prescription for a fixed time slice and we consider two line elements that differ only in their g tt components, then we notice that the computation is insensitive to that difference. However, this is not the case in the presence of higher derivative corrections, as can be seen from R || in Eq. (4.9) which has a nontrivial dependence on ν which appears only in the time component of the metric (4.1).
Plugging these into the functional (2.17) and carrying out the variation we find a complicated fourth-order equation of motion for φ(r). Fortunately, the solution of this equation satisfying the free-kick condition [16] matches exactly the profile traced by a geodesic curve. To find the geodesics in the Lifshitz background one simply needs to extremize the functional
with the h given in (4.9). Setting L = 1, we find that the profile of a geodesic, anchored to the boundary, reaching down to a radius r * is simply
From the boundary point of view one would wish to specify the size of the entangling regioñ φ as a free parameter instead of the bulk depth r * . It is clear that these two quantities are related byφ
To lighten the notation, we drop the subscript "geodesic" when no confusion arises.
Notice that although the relevant extremal curves are the same as in Einstein gravity it is not their length that we must consider, instead we ought to insert (4.12) into (2.17) and compute the integral. Thus, we find that the holographic EE corresponding to the Lifshitz vacuum in NMG is given by
, (4.14)
where we introduced an ultraviolet cutoff r δ 1. Replacing r * and r δ using 15) we find that the EE for the Lifshitz vacua is
Finally, using Eq. (4.2) we can write the above in terms of the dynamical exponent 17) where ∆x = 2φ is the size of the entangling region.
Lifshitz entanglement at finite temperature
In the present section we will make a proposal for the general form of the EE for (1+1)-dimensional Lifshitz field theories at finite temperature. From a holographic standpoint, this amounts to performing a computation analogous to that in the previous section, now, with a black hole in the bulk. Hence, we consider a metric of the form (4.3); for such a spacetime the quantities entering the EE functional (2.17) are displayed below. The induced metric is given by 18) while the contribution from the ambient Riemann curvature is 19) and the trace of the extrinsic curvature reads
Once again, the problem of extremizing the functional (2.17) with free-kick conditions boils down to finding the appropriate geodesics anchored to the boundary, which for the black hole read
The next step is to plug this profile back into Eq. (2.17) and compute the integral 22) which fortunately can be written in terms of hypergeometric functions as
where r δ 1 is an ultraviolet cutoff. Finally, if we replace r * and r δ using
we find
The thermal entropy of the system can be recovered once the entangling region becomes large. Applying this limit to (4.25), we obtain 26) in agreement with (4.7), for ν = 3.
Recall that the the metric (4.3) is a bona-fide solution of the NMG eom only for ν = 3. Nevertheless, we claim that (4.25) captures the finite temperature EE for field theories with arbitrary dynamical exponent ν; we shall provide an argument in favor of this idea shortly.
It is instructive to express the EE (4.25) in terms of parameters corresponding to the putative field theory dual. First, we introduce the quantities
is the central charge corresponding to the AdS vacuum in NMG. Recall that m is not an independent parameter but is related to ν via equation (4.2) . In terms of ν the above quantities are given by
Notice that in the relativistic limit (ν → 1) we find c AdS = 0, corresponding to the NMG chiral point; which is believed to be dual to a logarithmic CFT (see [42] and references therein).
Finally, using Eq. (4.6) we write the result (4.25) in terms of the inverse Hawking temperature
and find
where ∆x = 2φ corresponds to the length of the entangling interval. Observe that in the zero temperature limit the above expression takes (after some non-trivial cancellations) the form 32) in agreement with Eq. (4.17). Let us make some important clarifications. The zero temperature result Eq. (4.17) was obtained, via holography, for arbitrary dynamical exponents. On the other hand, in this work we can invoke holography for the finite temperature EE (4.31) only for ν = 3. However, the fact that the RHS of Eq. (4.31) reduces exactly to (4.17) in the zero temperature limit leads us to conjecture that (4.31) is valid also for systems with ν = 3. We plan to address this question in future work.
To close this section, we would like to point out a remarkable structural similarity between the Lifshitz EE (4.31) and the EE for a GCFT dual to the isothermal limit of the FSC (see Table 1 ). Notice that both of the underlying symmetry algebras [(C.2), (B.1)] corresponding to these theories contain a Virasoro subalgebra, which accounts for the logarithmic contributions to the EE. We expect this logarithmic contribution to be a general feature of the EE for theories with a Virasoro symmetry subalgebra. The reason being that the EE for an interval can be calculated via a two-point function of primary fields, called twist fields, inserted at the endpoints of the entangling region. The Ward identities corresponding to the Virasoro subalgebra impose strong constraints on the form of these two-point functions, which lead to a logarithmic contribution in the EE. One might wonder whether the coth contributions are a signature of the breakdown of Lorentz invariance in nonrelativistic CFT's. Moreover, the constants c LL and c LM appearing in the FSC EE correspond to the central extensions appearing in the algebra (B.1). Hence, it is tempting to regard the quantities c LL (ν) and c LX (ν) as manifestations of the anomaly coefficient in a Lif 2 field theory.
Mutual information in nonrelativistic field theories
In this section, we study another interesting measure of entanglement called mutual information. Given two disjoint subsystems A and B, their mutual information is defined by
where S A , S B and S A∪B are the EE's for A, B and A ∪ B respectively. There are a number of nice properties of I(A : B), for example, it is a finite positive semi-definite quantity. The mutual information captures the total amount of correlations between A and B [43] . Moreover, it provides an upper bound for the connected two-point functions between operators supported on A and B.
In the following, let A and B be intervals of length ∆x separated by a distance a > 0 as depicted in Fig. 2 . For a single interval, the finite temperature EE's in CFT's, GCFT's and Lif 2 theories are known, so the S A and S B contributions to the mutual information can be readily obtained. Hence, the non-trivial step to find the mutual information is the computation of the EE for the disjoint subsystem S A∪B . The extremal surface anchored to A ∪ B can take either of the two shapes 2 displayed in Fig. 2 . To solve this problem correctly, one must choose the Σ giving the minimal value once substituted back into the functional (2.17). Interestingly, this implies a first order phase transition in the mutual information [45] [46] [47] . Indeed, when the configuration on the right of Fig. 2 is the relevant one we obtain
on the other hand, if we are compelled to choose the figure on the left we have
Now, consider the mutual information for an isothermal GCFT (iGCFT, see Table 1 ). For such a theory, the mutual information in the non-vanishing phase reads
For upcoming discussions, it is convenient to introduce the dimensionless quantities 
The disentangling phase transition in the (σ, γ)-plane occurs when crossing the curve determined by the equation 6) where X = c LM /c LL . The resulting phase diagram is depicted in Fig. 3 , where the gray areas represent the regions with non-vanishing mutual information.
Let us make some important comments regarding Fig. 3 . First, observe that the gray region for X = 0 is identical to that corresponding to a BTZ black hole as discussed in [47] . Moreover, notice that at zero temperature, corresponding to σ = 0, all the transition boundaries converge to a universal value γ =γ = √ 2 − 1. This implies that, both for CFT's and iGCFT's, there is a unique threshold for the ratio size to separation in Fig. 2 , after which the mutual information vanishes. On the other hand, as we heat up the system there are qualitative changes in the phase diagram depending on the value of X . Instead, if we wish to consider a Lif 2 field theory some differences must be taken into account. First of all, we should exchange σ for
Once more, the behavior of the phase diagram is controlled by the ratio X = c LX /c LL , which now is a function of ν. Whenever X is non-negative, the aspect of the phase diagram is totally analogous to that of an iGCFT. Otherwise, if X takes negative values there is a point at which the non-vanishing mutual information region becomes unbounded, we believe this to be a consequence of non-unitarity.
Conclusions and outlook
Systems with anisotropic scaling properties appear frequently in quantum and statistical field theory of condensed matter systems. In this work we have studied certain entanglement properties for such theories. We have calculated the EE for a class of Lif 2 field theories both at zero (4.32) and finite temperature (4.31). As far as we know, this is the first instance of such computation. Moreover, it was noticed that these expressions display an interesting structural similarity with the EE corresponding to iGCFTs. This observation leads us to conjecture the form of the Lif 2 anomaly coefficient dual to the Lifshitz vacuum in NMG. Finally, we investigated the phase space of mutual information for the aforementioned theories. For iGCFTs, the curves defining the boundary between the two mutual information phases display a compelling behavior as one tunes the ratio of the central charges, a similar behavior is observed for Lif 2 field theories.
Let us finish by pointing out some potentially interesting directions. We believe that these results might be understood solely in terms of Lifshitz (or Schrödinger) Ward identities on the plane and cylinder. It would be interesting to compute the EE and mutual information for simple field theories with Lifshitz scaling. Another puzzle that might be interesting to address is the holographic renormalization for Lifshitz backgrounds in NMG. This could shed light on the nature of the Lif 2 anomaly coefficient. Furthermore, we would like to explore the behaviour of EE under the renormalization group flow connecting nonrelativistic and relativistic fixed points. Moreover, it would be interesting to investigate the analogue of this questions in higher dimensions.
A A brief review of massive gravity in 2+1 dimensions
The action of (2+1)-dimensional massive gravity can be written as [12, 37] and fulfills K = g µν K µν . In this work we wish to study the EE for (2+1)-dimensional ALif black holes. Such black holes have been found in [15] in the context of NMG, namely the theory defined by sending µ → ∞ in action (A.1) [12] . This theory is diffeomorphism and parity invariant.
B Galilean conformal algebra
The centrally extended Galilean conformal algebra in 1+1 dimensions, which is the case for the present work, can be written as for n , m ∈ Z. The GCA 2 is generated by the set of conformal isometries of Galilean spacetimes. The vector fields that span this algebra are given [34, 36] L n = −(n + 1)
2)
The class of field theories endowed with the symmetry algebra (B.1) are known as Galilean conformal field theories (GCFT 2 ). States in a GCFT 2 are labeled by the eigenvalues under L 0 and M 0 . The primary states are those annihilated by all generators with n > 0. One can build up a families of operators by acting on primaries with the creation operators L −n and M −n for all n > 0.
C Lifshitz algebra
Defining the generators L n = − t n+1 ∂ t + x ν (n + 1)t n ∂ x , n ∈ Z , X a = −t a+1/2 ∂ x , a ∈ Z + 1 2 , (C.1)
we end up with the centrally extended Lifshitz algebra in 1+1 dimensions
This algebra can be obtained by looking at the asymptotic symmetries for Lifshitz spacetimes (4.1) [48] .
